THE DEGREE OF CONVERGENCE OF A SERIES OF
BESSEL FUNCTIONS*

BY
M. G. SCHERBERG

A number of problems of mathematical physics require the expansion of
an arbitrary function in terms of Bessel functions in a manner analogous to
the expansion of such a function in trigonometric functions. An important
series in Bessel functions, necessary to the solution of one group of problems,
the most familiar of which are the problems of the vibrating circular drum-
head and the flow of heat in a cylinder, is the Bessel series, which has the
formf

f(®) = 227 BuJo(\t)

in which the B, are constants and the \,’s are the positive roots of the equa-
tion
INGN) + BTo(\) =0
where either /=0 or 4/1>0.
The more general series to be studied in this paper has the form

¢ f@@) = Bx) + ZiBuSNw), v 20,
in which the N’s are the positive roots of the equation}
(2 INON) + BT\ =0

while B(x) is an additional term which is present when (2) has also a pair of
imaginary roots +2\,. Since the functionsxV/2J,(\,x) form an orthogonal set§
over a range of integration from zero to one, the coefficients B, are found in
the usual formal manner and are

" ST (a)dx

The function B(x)=0 when /=0 or 4/l+»>0. Otherwise it has a form de-
pending on whether //l+» is equal to or less than zero.|

* Presented to the Society, September 11, 1931; received by the editors April 25, 1932, and,
in revised form, June 20, 1932.

t Watson, Theory of Bessel Functions, 1922, pp. 596-597; Byerly, Fourier’s Series, pp. 12-14.

1 The notation J,'(x) for (d/dx)J,(x) will be used through the paper.

§ Gray and Mathews, Treatise on Bessel Functions, 1922, p. 91.

|| Watson, loc. cit., pp. 596-597.
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That the series converges to the value of the function f(x) under suitable
restrictions on the function, and the range of the variable, has been shown by
several writers.* The degree of convergence of a series is the order of magni-
tude of the difference between the function and the first # terms of the series.
Thus, if those restrictions are placed upon the function f(x) which insure the
convergence of the series to the proper value in a defined range of x, the de-
gree of convergence of the series may be calculated as the order of magnitude
of the remainder after » terms.

To avoid undue repetition, a convention of symbol is made at this time.
K will designate constants independent of # and # and depending only on
such fixed quantities as », the number of discontinuities in f'(x), etc. The
function 6 will be any function of any number of variables which is numer-
ically less than one for all values of the variables considered. The notation
0:(x) will indicate a function which has one for an upper bound and which
has a bounded derivative with respect to x.

I. THE DEGREE OF CONVERGENCE IN THE ABSENCE OF HIGHER
DERIVATIVES
LemumA 1. If F(x)/x has bounded variation in the interval 0 <x <1, then

KO(\s)

N3 /2
n

4 f 1 F(x)j,(xnx)dx =

By means of the asymptotic formulaf

) J(®) = (i)”z {cos 5 — o) + 220 x)},

T X

v+ 1

on setting ®=F(x)/x, we have

1 2 1/2 1 Ko
f F(x)J,(\ux)dx = (T) f ®(x)x1/2 cos N\px — a)dx + — -
0 0

. Y

Since &= &,(x) — ®.(x) in which &,, ®, are monotone increasing, we may
assume without loss in generality that & is also monotone increasing and
hence, by the second law of the mean,

* C. N. Moore, these Transactions, vol. 12 (1911), pp. 181-200; also Watson, loc. cit., pp. 576~
605.

t Lipschitz, Crelle’s Journal, vol. 56 (1859), pp. 193-196; Watson, loc. cit.; C. N. Moore, loc. cit.,
p. 189,
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1
f &(x)x!2 cos (\px — a)dx
]

§ 1
= ®&(+ 0) f 212 cos \ux — a)dx + ®(1 — 0) f 212 cos (\ax — a)dx
0 £

_ Kb6(\)
=
LEMMA 2. In the interval 0=<x =<1 let the function f(x) be absolutely con-

tinuous and let f'(x) have bounded variation. Then the general coefficient B, of
the series (1) may be written as

@m)'2af(1)(= D mf(0)  K6(\.)

AL P a2
where
s {0 when | # 0,
Tl when 1 = 0.

The treatment in this part of the paper is similar to that employed by
C. N. Moore* in a paper on the uniform convergence of a Bessel series.
The denominator of B, may be writtenf

fo 2T} O®)dz = 3{T2 ) + Jon )} — %J.(M)Jm()m)

and with the aid of (5) is readily reduced to the form

1 + Kol()‘n) .

Thn A

©) J. 2720z =
By means of (6), B, now assumes the form

@) D + K600 fo T, )i

On integration by parts with the aid of the recurrence formula
® ] = 2,

the integral in (7) becomes

* C. N. Moore, loc. cit., p. 183.
t Byerly, An Elemeniary Treatise on Fourier Series, 1902, p. 224, formula 12.



1933} SERIES OF BESSEL FUNCTIONS 175

f le(x) Jo(\nx)dx
0

_ 1t af(2) .
a )\,.j; ()‘”x)m.d[()\,.x)” Tra)]

) Tua(hs) 1
RS
_ J()Ta(M)
W

+r f [®) — FO ss(ht)d.

[ @1t + = [Tt
©) : M o

vf(0 1 1 L
+ fx(") j; Jr+1()\,.x)dx —_ ;’:j;xf'(x)-,v-{-l(xnx)dx

If we assume, as we may without loss in generality, that f'(x) is 20 and
monotone increasing, then (1/%) [f(x) —f(0)] will be also positive and mono-
tone increasing.

It follows that the last two integrals in the last line of (9) have the form
KON /NG5,

The integral [,7,,1(\.%)dz of (9) may be written

)‘i" fo (@) = %{ fo o) — f:f.+x(x)dx}

since the integrals in question all converge. Although it is not necessary to
go beyond the fact that the integral [J,..(x)dx is a function of » alone, its
value one* will be utilized. By means of (5)

j:f ra(x)dz = j; (-:i—)l/zsin (x—a)dx+ K j; :o bu(x)dx _ KO(\s)

x8/2 )‘1/2
n
Thus

0

n

Ko(\,) )

A2

! 1
(10) f TeaOt)dz = — +

0 An
To complete the proof of Lemma 2, it remains to reduce the term
FT,11(\a)/Ns of (9). A formula for the roots of equation (2) due to Mooret
gives

K6
(11) >\n=mr+q+—n—=K7(n)'n, 1sv(n) =2,

* Gray and Mathews, loc. cit., p. 65, Formula 8.
t C. N. Moore, loc. cit., pp. 189-196.
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where
v+ 1
4
v+ 1

kr — 7/2 +

T, =0,
q-——'

kr + T, 1#0,

and k is an integer, positive, negative or zero.

From (11)
K¢ 2 1
sin A\, —a) =sin(nr+q¢— a) + (n)’ a= V:- T,
K6

[+ (-1 222, =0,

~ | ke
oy o

n

and (5)
2 \1l/2 2 \!2 K@ K6

in which §; is defined as in the statement of Lemma 2. The conclusion of the
lemma follows from a combination of the above results.

THEOREM 1. Let f(x) be a function such as described in Lemma 2, and, in
addition, let the conditions 8,f(1) =vf(0) =0 be satisfied. Then

Ko(n, x)
J(x) = Sa(x) = ——— 0<x=1,

nl/2 - -

where S, (x) — B(x) is the sum of the first n regular terms of the series (1).

It has been shown* that under the conditions of the Lemma 1, the series
will converge to the value of the function in any sub-interval of 0<x <1 hav-
ing zero as an end point provided f(x) is continuous in this sub-interval and
the product »f(0) =0, and that it will converge to the value of the function
in a sub-interval of 0 <x <1 having one as an end point if again f(x) is con-

* C. N. Moore, loc. cit., has shown the convergence to f(x) under conditions which insure
“closure” and hence the convergence to f(x) under conditions of the lemma follows if there is con-
vergence at all.
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"tinuous in this sub-interval and the product 6,/(1) =0. It, therefore, follows
that under the conditions of Theorem I the series will converge to f(x)
throughout the interval 0 <x <1. Further, from Lemma 2 the general term
of the series assumes the form

KO()\—"—)-J y(Anx).

T
Since J,(\.x) is uniformly bounded,* this general term may be written

K0(n)/n¥? and the remainder after #» terms becomes K6(n)/n'2.

THEOREM II. Let f(x) be a function such as described in Lemma 1. Then
in the interval 0<a<x<b=1
Ko(xz, n) K&f(1)0(n, x) KO(n,x)  »f(0)K6(x, n)

nxl!? (1 — x)n1/2 x3/2p2 x3/2p38/2

J(x) = Sa(x) =

where a =0 unless vf(0) =0, b1 unless 6,f(1) =0, and

Ko(n, x Ko(n, x
( )= <’~~—)-50whena=0.

nxl/2 x3/2n2

Under the conditions of Lemma 2, the series (1) becomest

d - "Jy(Am d -1 va n
sy 3 ST | gy 3 SO
m=n+1 xm m=n+1 m
) + 3 KO .

m=n+1l )\3/2
m

By means of (5) the general term of the last sum becomes

KO6(\n) cos Amx — @)  KO6(A\n)

>‘mle/2 x3/2x3/2
which with the aid of (11) yields
. Ko(\n) Ko(n,x)  K0(n, x)
'EHTM— Tdnt) = — =+ — 0 0=as1

The first sum of (13) is zero when »>0 and x=0 since J,(0) =0. On the
other hand if »=0, then J,(0)=1, and this sum is that of an alternating

* Watson, loc. cit., p. 44.
T The convergence of the separated parts will be apparent in what follows.
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series of numerically decreasing terms. It has a value, then, which is nu-
merically less than the first term or K6(n)/(n+1)¥2. When x>0 the sum-
mation is made in three parts.

Let r and s be the smallest integers greater than (»—1) which satisfy the
inequalities A,412 > k1 and N\,412 > k2 where %; and k; are the first and second
positive roots of J; (x) =0. Now when « is small r and s will surely be larger
than (#+1) and this sum may be divided into three parts in the first two of
which J,(A.x) is monotone. With the arguments of the >_’s omitted, they are

T+ X+ X=ata+to
n+l r+1 s+l
By means of (5)
e (3_)1/2[ i (= 1)™cos Amx — @) + i i (— 1)m01()\,,,x)]
(14) T X meatl

Ma=s1 xm )\mz

= g4 + o3.
The sum o5 converges absolutely, hence

< % )1/265 cipm Y {Ol(x,x) _ 01(\e41%) }

- A2 A2
k=s+1,843, k et

But

X)) 3 61(\1x) _ 01(\kx) — 01(Aky1%) + 00 +1x)[ - . ]

A2 >‘:+1 A MM

in which by means of (11)
01(\x) — 01(Ai11%) = Qi — N0 (£), Mx < & < Mepr?,
= K6(k)x.
Thus
K6(m)

o= 2 +a2¥2 3 6Ama®) ['l‘ - ]

meetLot,eee B NAE magt1,843,0 M )‘:+1

_Ké(s+1)  Koé(s+1) Ké(n+1)

2V, 2302, nl/2

}\nx > k2.

The sum o4 remains to be treated. By means of (11) one readily finds

Kox
c0s (Am% — @) = cos [(mr + Q)x — a] + —
m
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and
1 1 Ko(m)
Am  mmw T om
Hence
2\2 2 (= 1)™cos Amx — @)
@z
T Mgl )\m
_ (_2_)1/2 i (= 1™ cos [(mr + q)x — a]+ Ko(s + 1)
T matl mm (s + 12
since

N > ke, m> s,

The sum on the right is a linear combination of the real and imaginary

parts of
2 1/2 © 1 2 1/2 1
(——) Z ——(— 1)'”3""’"4' = (-—) Z ——mri(z—1),
T, Mmestl MT T, mmst+1 MT
If (x—1)=0¢,
k 1 — ek-0rie Kok, s
Si(p) = Si = Z emTie = plt)wis — = (&, 5) ,
Mgt 1 — e7i¢ ¢

then, by the classical transformation of Abel,

S St (S = S +
B m - R + 1 a+1 s + 2 8+2 8+1
1 1 1 1 Ko(e, s)
=S, — Sepel —— — - .
.H(s-l—l s+2>+ +2(s+2 s+3)+ s¢
Therefore

(2)!/2 i (— Dremmis  K6(s + 1, )

72)  wimi mr (1 —a2)(s+ D0

As has already been pointed out J,(A\.x) is monotone in the sums o; and
03, and hence they are readily reduced to sums of terms which alternate in
sign and decrease numerically. They will each have the form

Ko(n)
iz
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The second sum of (13) may be reduced by the methods employed on the
first sum. It is found that
2 (— D"T,(\mx) _ K6(n, x) Ko(n, x)

>

1 Am 212y x3/29812

The sum (13) is now readily reduced to the form of Theorem II.

II. THE DEGREE OF CONVERGENCE WHEN HIGHER DERIVATIVES OF f(x) EXIST

Just as in the case of other well known expansions, the convergence is
more rapid when higher derivatives are present provided other conditions
are suitably adjusted. The Bessel series requires, in general, rather strong re-
strictions at the end points of the interval in which the function is repre-
sented.

In view of the great similarity of the procedure in Part II to that of Part
I, the results in the former will be merely stated and the detailed proofs left
to the reader.

LEMMA 3. In the interval 0<x <1, let f(x) and its first (p—2) derivatives
be continuous and let f»=V) (x) be absolutely continuous while f»)(x) has bounded
variation. Then the coefficient B, of J,(N.x) in the series (1) may be written as

B, = [m\. + K6(\.) ] { m-zp:;l ai_l (= ))zmtemif O 1) k(m, 5, v)Tr4mi1(An)

=0 )\;n+l
1 s=p — 1 sf(s) k v
MRS (TS (- DY)
)\: 0 s=0 xpet
where d*f(x)
(s) -
and fo@ =
k(p,s,v)_p q—l—cos’w——zq '
= {[1/<1~3-s . (q— 2+ cos21r—q) — ).
g=g,l 2 2

X(@—9lg—y9) !s!>]

g+1+ cos’w—q>'

2
X[l~3-5~--(2p—q—2+cos’%{)<p———2—

X g+ 1) bg—s =1}
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in which v(v+1) - - - w+q—s—1) and 1-3-5 - - - (g—24cos?(wq/2)) are to
be replaced by 1 when g=s, q=1 respectively; and the notation q=s, 1
implies that ¢=s when s>0 and g=1 when s=0.

The proof of Lemma 3 is readily obtained after simple but lengthy cal-
culations by integrations by parts with the aid of recurrence formula (8).

LEMMA 4. Let f(x) be a function such as described in Lemma 3. Suppose,
further, that f(x) together with its first (p —2) derivatives vanish at the end points
x=0 and x=1. Then the coefficient B, of the series (1) may be written

(2#)1’2(512 - co#?)ﬂp—l)(l)(— e TR(p, v)f®=1(0) Ko(n)
+

ApL2 AP APHL/2
where &, is defined as in Lemma 2, ¢ is an undetermined integer and R(p, v)
=D =1)k(p, 5, ») (k(p, s, v) as in Lemma 3).

THEOREM III. Let f(x) be a function such as described in Lemma 4, and, in
addition, let the conditions

8¢ — cos® (wp/2)f""(1) = R(p, »)f*~P(0) = 0
be satisfied. Then

Ko6(n, x)
f(®) = Salx) = —— 0<=z=1.

np—l/2 -

THEOREM IV. Let f(x) be a function such as described in Lemma 4. Then in
the interval 0Sa<x=<b=<1

(612 — cosz%)ﬂ"‘”(l)e(ﬂ, x)

Ko6(x, n) Ko(n, x)
f8) = Sule) = -
xliipp (1 — x)nr-12 x3pptl
R(p, »)f**~V(0)K6(n, x)
+ x3/2ppH1/2

in which a =0 unless R(p, v)f*~1(0) =0, b1 unless

62 — cos? (wp/2) f»-1(1) =0
and

K6(n, x) _ Ko6(n, x)

=0 whena=0.
xl/2np x3/2np+l
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ITI. ON THE MAGNITUDE OF THE CONSTANTS

To make more definite the results of the previous sections, the magnitude
of the constants which occur in some of the formulas there used have been
computed. Due to the fact that the calculations are rather lengthy and can-
not be easily summarized for presentation, these results will be given in an
informal manner. It was found for x>0 and a=(2v+1)7/4,

2\*1r 2 v26,(x)
Ju(x) = (—) cos (x — a) + — ]» (2x)12 =2 v = 5/2,

T L 3 x
2\ 6:(x) < 1

= (1;;) LCOS (x —a) + 4.21/2x:|’ 0=rv= Eﬁ) x>0,
2\'2[ 21/29,(x)

=(—> cos (x — a) + :l; 0=v=3/2,2>0,
rx/ L x
2\v2r 200,(x)

=(—) cos (x — a) + :|; 0=v=5/2 >0,
T L 3x

that the positive roots of J,(x) larger than

8y? T
(—— — ?> when v > 5/2

and larger than

80 «
(———) when 0 S v < 5/2
3@ 2
are given by the formulas
A + (n+ B)m + (4/3)20 >5/2,n=2
n = " Y T ) = 4
ay T ot B v ”
200

0<vs5/2,n22,

.= 3 ,
M= et (ot BT 4 e e T B

+
a =a+—
' 2,

where £ is an integer not less than (—3) for the first equation, and not less
‘than O for the second; that the positive roots of INJ4 (\)+A4J,(\) =0 larger
than 4K/w—=/2 are given by the formula

2K9 2 1
e a— 150, 0= 2
a+w(n+k)

where £ is an integer not less than (—3) and

™,

Mm=a+ (n+ B+
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+a| | 2
K=%Py1/'+ 30+Dﬂ

or k is a positive integer or zero, and

K=%Pm+h+m@

UNIVERSITY OF MINNESOTA,
MiInNEAPOLIS, MINN.
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v > 5/2,

0s»=5/2



